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Abstrac t 
This paper investigates to what extent a recently developed new product form 
result for queueing networks with positive and negative customers fits into the 
class of product form queueing networks that satisfy a notion of partial or local 
balance. As such this paper investigates whether this new product form is still 
a consequence of an appropriate notion of local balance. To this end a new and 
non-standard type of local balance is introduced as an extension of Standard 
local balance. This new type of local balance appears more restrictive and is 
no longer directly sufficiënt for global balance. Nevertheless, based on this new 
type of local balance, some extensions such as blocking phenomena for queue-
ing networks with positive and negative customers can be concluded. 
Keywords: Local balance, Negative customers, Product form, Queueing net-
work, Traffic equations. 
1 Introduction 
Recently, in [6], a queueing network with positive and negative customers was in-
troduced, motivated by neural networks. By analogy with neural networks a station 
represents a neuron. Positive customers routing from one station to another represent 
excitation signals, adding one unit to the neuron potential when it arrivés, whereas 
negative customers routing from one station to another represent inhibition signals, 
reducing the potential of the neuron to which it arrivés by one unit [4]. In queueing 
networks with positive and negative customers the positive customers behave similar 
to normal customers in a Jackson network [1], [9]. Negative customers, however, be-
have quite differently. When a negative customer enters a station the queue Iength 
is reduced by one. The queue at a station consists of positive customers only. Upon 
leaving a station a customer either remains a positive customer or, with fixed proba-
bility, becomes a negative customer. The routing of customers depends on their sign, 
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and is assumed to be state-independent as in Jackson networks. In addition to cus-
tomers routing among the stations, customers enter the queueing network according 
to a Poisson process. In [6] the queue length at the stations of the queueing network 
is allowed to be non-negative only. This represents the additional assumption made 
in [4] that the neuron potential is not allowed to become negative. If a negative 
customer arrivés at a station with queue length 0 it is lost. Another application of 
queueing networks with positive and negative customers is to multiple resource sys-
tems with requests for service (positive customers) and decisions to cancel a request 
(negative customers) [6]. In this application it is obvious that the number of requests 
can be non-negative only. Decisions to cancel a request are ignored if no requests are 
present. When negative customers are involved, however, it seems logical to allow 
a negative number of customers at a station too (backlog). A negative number of 
customers represents that a number of negative customers has entered the station 
when no positive customers were present or that a number of service completions 
has occurred when no customers were present. Due to these completions a shortage 
of customers is generated at the station, i.e. the number of customers has become 
negative. 
Let us first give an example to illustrate the behaviour of a queueing network 
with positive and negative customers. This example will be used throughout the 
paper to illustrate our results and is discussed extensively in Section 5. The blocking 
results that will be obtained for this example are characteristic for the results for 
general networks and the limitations already illustrate that there is little hope for 
much extensions of the results presented in this paper. Note that the results of this 
paper are not limited to the case of a two station queueing network. 
Example 1.1 (Two stat ion queueing network) Consider the two station queue-
ing network depicted in Figure 1. Both stations only have external arrivals of positive 
customers. Customers completing service at a station route to the other station as 
negative customers. If the service rate at the stations is "fast enough" then this 
queueing network is stable and possesses a product form equilibrium distribution (cf. 
Section 5). Note that there are no customers leaving the queueing network. This 
shows that queueing networks with negative customers are a very special type of 
queueing network. • 
In [6] it is shown that a queueing network with negative and positive customers 
and fixed routing probabilities as described above, possesses a product form equilib-
rium distribution if a solution exists to a set of non-linear customer flow equations. 
The customer flow equations presented in [6] do not seem to express a notion of 
local balance. As a consequence, the queueing network with positive and negative 
customers introduced in [6] seems to be a counter-example to the generally believed 
statement for queueing networks that a form of local balance is directly related to a 
product form equilibrium distribution. Here local (or partial) balance is to be read 
as a more detailed way by which global balance equations of rates into and out of 
one and the same state are satisfied in a decomposed manner of balanced subsets of 
these equations. 
2 
positive 
negative 
negative 
positive 
Figure 1. Two station queueing network 
This paper aims to investigate the relation between the product form equilibrium 
distribution obtained in [6] and an appropriate notion of local balance. Indeed, this 
paper shows that the product form result obtained in [6] is not a consequence of any 
notion of Standard local balance. However, a new and non-standard type of local 
balance which is specially dedicated to the specific model is introduced. The product 
form obtained in [6] is shown to satisfy this new and non-standard type of local 
balance. The major difference between Standard local balance and local balance for 
queueing networks with positive and negative customers is that in contrast to local 
balance appearing in the literature, local balance for queueing networks with positive 
and negative customers does not compare the probability flow into and out of one 
and the same state (cf. Remark 2.5). As such it is shown that queueing networks 
with positive and negative customers do not fit into any class of queueing networks 
which satisfy a Standard form of local balance. 
From the literature on product form queueing networks we obtain that a product 
form equilibrium distribution 7r(n) = H» 1? satisfies local balance if the coefficients 
{?,} are a solution of the traffic equations. The traffic equations state that the 
average input rate of a station equals the average output rate of that station. As is 
shown in Remark 3.3 the traffic equations introduced here do state this equivalence. 
These traffic equations are a set of non-linear equations. Note that for processes 
with product form equilibrium distribution this is not uncommon in the literature 
(e.g. polymerization processes [2], [10], [12], batch routing queueing networks [3], 
[7]). Therefore, in this respect local balance for queueing networks with positive and 
negative customers does fit into local balance as appearing in the literature. 
We thus incorporate queueing networks with positive and negative customers 
introduced in [6] into an extended class of queueing networks which satisfy local 
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balance and extend local balance to processes for which the rate out of a state is 
not balanced by the rate into that state as a direct consequence of local balance. 
Local balance gives insight into the behaviour of the Markov process describing the 
queueing network. Most particularly, local balance allows us to introducé boundaries 
to the state space, i.e. to consider blocking phenomena. 
In contrast to a standard queueing network (Jackson network), where a unique 
solution to the traffic equations is guaranteed if the process is irreducible, for a 
queueing network with positive and negative customers a unique solution to the 
traffic equations is not a direct consequence of irreducibility. For the two station 
queueing network discussed in Example 1.1 it is shown that a unique positive solution 
exists to the traffic equations. For queueing networks consisting of more than two 
stations some classes of queueing networks for which a unique solution to the traffic 
equations exists are discussed. Finally it is argued that the traffic equations are 
characteristic equations to the queueing network as they determine not only the 
invariant measure, but also the shape of the state space and the blocking conditions 
used at the boundaries of the state space (cf. Section 4.5). 
Summarizing, in this paper, for the queueing network with positive and negative 
customers introduced in [6] it is shown that the product form equilibrium distribution 
obtained in [6] is not a consequence of standard local balance, but is a consequence 
of a very special type of local balance. To this end we 
• introducé a new and non-standard type of local balance; 
• introducé the traffic equations for a queueing network with positive and negative 
customers; 
• show that Gelenbe's result [6] fits into theextended class of product form queue-
ing networks satisfying local balance. 
The results obtained in [6] are generalized to 
• a necessary and sufficiënt condition for the existence of a product form equilib-
rium distribution; 
• blocking phenomena due to capacity constraints at the stations; 
• also include a negative number of customers. 
The paper is organized as follows. Section 2 presents the model. We have chosen 
to use a theoretical setup and give an interpretation of the model as queueing net-
work with positive and negative customers afterwards as this is mathematically more 
elegant. In Section 3 blocking of transitions due to local balance is considered. In 
particular, lower and upper bounds are discussed extensively. Section 4 considers the 
traffic equations. Conditions guaranteeing a unique positive solution to the traffic 
equations are given. Furthermore, Section 4.5 argues that the traffic equations are 
characteristic equations to the queueing network. Section 5 discusses the two sta-
tion queueing network introduced in Example 1.1 and finally Section 6 concludes the 
paper with some general remarks on generalizations of the model discussed in this 
paper. 
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2 Model and local balance 
Consider a stable, regular continuous-time Markov chain, X, at state space S C 
ZN = { . . . ,—2,-1 ,0 ,1 ,2 , . . .}^ . A state n € S is a vector with components n,-, 
i = 1 , . . . , TV. The transition rates, Q = (<?(n, n'), n, n' 6 ZN), are given by 
A(i), n' = n + ei, i = 1 , . . . , TV, 
r(i)d(i) + A(i), n' = n — e,-, i = 1 , . . . , TV, 
r(ï)p+{i,j), n' = n - e; + e,-, i,j = 1 , . . . , TV, (2.1) 
r{ï)p~(i,j) + r(j)p~(j, i), n' = n - e,- - e,,-, i, j = 1 , . . . , TV, 
0, otherwise, 
where A, r, d : {1,...,TV} -*• [0,oo), p+, p~ : {1,...,TV}2 - • [0,oo) and <i(i), 
i = 1 , . . . , iV, p+(i , j ) , p~(i,i) , Ï, j ' = 1, • • •, N, are such that for all i, i = 1 , . . . , iV, 
< 0 + E fr+(i, J) +P"(». J')} = 1. (2.2) 
3=1 
and p+(i , i) = p~(i,i) = 0, z = 1 , . . . ,N. 
Interpretation 2.1 (Queueing network) The Markov process with transition 
rates (2.1) can be interpreted as representing a queueing network with positive and 
negative customers. To this end consider an open queueing network consisting of N 
stations. The state of a queue represents the number of customers at the queue, i.e. 
n; is the number of customers at queue i, i = 1 , . . . , TV. Customers at queue i are 
served at exponential rate r(i) independent of the state of the other queues. Upon 
departure from a queue, say queue i, for example due to external influence, a customer 
receives a positive sign with probability p+(i) and a negative sign with probability 
p~(i)- Subsequently, a positive customer is routed to queue j with probability p+(i,j) 
and leaves the network with probability d+(i), and a negative customer is routed to 
queue j with probability p~(i,j) and leaves the network with probability d~(i). When 
a positive customer enters a queue the number of customers at that queue increases 
by one and when a negative customer enters a queue the number of customers at 
that queue decreases by one. External arrivals to the queueing network can either be 
positive customers which arrive at queue i according to a Poisson process with rate 
A(i) or negative customers arriving at queue i according to a Poisson process with rate 
)['.). As negative customers are involved it is natural to allow the number of customers 
at a queue to be negative. A negative number of customers represents the absence 
of a number of customers due to the arrival of negative customers or the departure 
of customers. The transition rates of the Markov process representing this queueing 
network are given in (2.1), where p+(i,j) = P+{i)P+(i,j)i P~(hJ) = P~{i)p~{hJ)i 
d(i) = p+(i)d+(i) + p~(i)d~(i), and r(i) is the rate at which customers are expelled 
from station i. • 
q(n,n')= < 
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The following theorem gives a sufficiënt condition for X to posses an invariant mea-
sure, i.e. a set of non-negative numbers, m = (m(n), n (E ZN), that satisfies the 
global balance equations 
Y^'{m(n)q(n,n')-m(n')q(n',n)} = 0, n € ZN. (2.3) 
n'£n 
Theorem 2.2 If { f t } ^ is a positive solution of 
N N 
7ir(ï)+J2li1Jr(J)P~(J>i)+'KKi) = E7 iKi )P + 0 ' 5 *)+ A (0 5 *' = !,•••,N,(2A) 
J=l j = l 
then X possesses an invariant measure, m, at ZN given by 
m(n) = Hqnk", n € ZN'. (2.5) 
Proof Insertion of m in the global balance equations (2.3) gives for n G ZN 
E {m("M™>»') ~ m(n')q(n', n)} —— 
— lt— TTlr l Th ] 
= E | A(0 + r(t)d(i) + A(») + E {r(»V(«. i ) + K O P ' C » . ; ) } 
t=l { j=l 
- E | ^;A(0 + «.•»•(*)<*) + ?.-M0 + E {^K0p+(*'»i) + ft?iK*>~(*\i)J | 
(*) N f N 
= E 1 A ( 0 ~ E 9.-S»r(0P"(*»i) - <lir(i)d{i) - ftA(t) 
»=i (, j = i 
+ E (»•(») + A(ij - E - r ( i > + ( i , i ) - -A(z) 
= E 1 A ( 0 + E ?J r0>+0'> 0 - «r(i) - E 9i9jr(i)p~ (»', j ) - fcA(t') 
«=i 1 j=i i=i 
N i ( N N 
+ E - \ * r ( 0 + E tt9ir(»)p"0\0 + &A(*) - E 9jrü)p+ü, *) - A ( 0 
t=i ?« ^ j = i i = i 
(
= > o, 
where in (*) terms are rearranged such that the global balance equations resem-
ble (2.4) and (**) is obtained from (2.2). • 
Remark 2.3 (Normalization) The invariant measure, m, given in (2.5) cannot be 
normalized at ZN. Thus, although X possesses a product form invariant measure 
at ZN, X does not posses a product form equilibrium distribution at ZN. If X is 
truncated to a subset of ZN which is bounded from above or bounded from below, 
m can be normalized. Based on local balance, X can be truncated. Local balance is 
discussed below and the truncation of X is discussed in Sections 3.1 and 3.2. D 
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Remark 2.4 (Traffic equations (2.4)) Equation (2.4) is the generalization of the 
traffic equations to networks that allow negative customers too. This can be seen 
by setting p~(i,j) — 0, i,j = 1,...,JV, \(i) = 0, i — 1 , . . . , N, thus removing the 
influence of negative customers from (2.4). Then, for c; = j,r(i), i = 1 , . . . , N., (2.4) 
reduces to the Standard traffic equations 
Ci = A(t) + 2 > P + ( i . « ) . i = l , . . . , iV. (2.6) 
3=1 
Therefore, henceforth (2.4) will be called traffic equations. O 
Remark 2.5 (Local balance; traffic equations) As can be seen from the proof 
of Theorem 2.2 above, the assumption that {«fr}^! satisfies the traffic equations (2.4) 
can be relaxed to {g,-}^! is such that (***) is satisfied. However, similar to the 
assumptions in a Standard queueing network, where one assumes that a solution exists 
to the standard traffic equations (2.6), the assumption that {'<fr}£Li satisfies the traffic 
equations (2.4) implies that the invariant measure m given in (2.5) satisfies a type 
of local balance. To this end, define §,*, the transition rates for negative customers 
leaving station i to route to a station of the queueing network: q*(n,n — e,- — ej) = 
r(i)p~(i,j). Then q(n,n — e,- — e,-) = q*(n,n — e,- — Cj) + q^{fi,n — e,- — e_,). With 
this definition, from the traffic equations we obtain that m satisfies for all n (E ZN, 
i = l , . . . , JV 
N 
J2 m(n)q(n, n - e,- + tj) 
N 
+ XI {mi.ü)li(fï^ n — ei — ej) + m(n + ej)q^(n + ej,n — e,-)| 
3=1 
N 
= J2 m(n - e,- + ej)q(n - e,- + ej, n). (2.7) 
3=0 
This notion of local balance for queueing networks with positive and negative cus-
tomers expresses that the outrate of station i due to the arrival of negative customers 
to station i from the outside (first term in the left-hand side), due to the departure 
of customers from station i (first and second term in the left-hand side of (2.7)), 
and due to the arrival of negative customers from other stations (third term on the 
left-hand side) balances with the inrate of station i due to the arrival of positive 
customers. In the case of lower or upper bounds, the traffic equations are necessary 
and sufficiënt for the existence of a product form invariant measure as is shown in 
Sections 3.1 and 3.2. Therefore, the assumption that a solution exists to the traffic 
equations (2.4) is a very natural assumption. • 
Remark 2.6 (Local balance; relation to global balance) In Remark 2.5 above, 
the notion of local balance for queueing networks with positive and negative customers 
is introduced. Local balance as given in (2.7) expresses that the outrate of station i 
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due to the departure of a customer either due to a service completion or to the arrival 
of a negative customer balances with the inrate of station i due to the arrival of a 
positive customer. However, note that the third term in the left-hand side does not 
correspond to the outrate of customers from station i in state h but in state n + ey 
Therefore, local balance as expressed by (2.7) is not of the standard type where global 
balance decomposes into local balance for each state separately. As a consequence, 
if a measure satisfies local balance it remains to be shown that this measure satisfies 
global balance. This cannot be concluded by summation of the local balance equa-
tions over the stations as is the case for a standard queueing network. Also, the result 
of Theorem 2.2 is not a consequence of standard local balance, but is obtained by ap-
plying (2.4) for several states, once for state n and once for state n — e,-, i = 1 , . . . , N. 
Therefore, the result of Theorem 2.2 is not a consequence of standard local balance. 
In fact, the notion of local balance introduced in (2.7) does not correspond to notions 
of local balance as reported in the literature (also see Remark 3.3, where the inter-
pretation of (2.4) is formalized and Remark 2.7, where local balance for queueing 
networks with negative customers is contrasted to local balance as appearing in the 
literature). • 
Remark 2.7 (Local balance; literature) This remark shows that the result of 
Theorem 2.2 cannot be concluded from local balance as described in the literature. 
To this end, local balance as expressed by (2.7) is compared to local balance as 
appearing in the literature. 
• Standard Jackson network: Transitions in which customers leave at two stations 
simultaneously, i.e. transitions of the type n —* n — e,- — ej, are not allowed in 
a single changes queueing network. Therefore (2.7) cannot be concluded from 
local balance as appearing in the literature on single changes queueing networks. 
• Batch routing network: In batch routing queueing networks, for the network 
to posses a product form equilibrium distribution, it is assumed that a batch 
9 = {Oii • • • I9N) that can leave is allowed to enter also (cf. [3]). This can be 
seen when considering the batch traffic equations. For a batch routing queueing 
network with state independent routing, for the process to posses a product 
form equilibrium distribution it is necessary and sufficiënt that for all g G N^ 
a non-negative solution {gj}^.1 exists to 
E {fi 7f p(9,-9') - II liv{9',9)) = O- (2.8) 
g'±g U = l fc=l ) 
As a transition n —* n — e,- — ej in which a customer leaves at both queue i 
and queue j is allowed, it must be the case that p(e,- + ej,Ö) > 0. However, a 
transition in which a customer arrivés at both queue i and queue j is not allowed 
in a queueing network with positive and negative customers, thus for all g' it 
must be the case that p(g', e; -f ej) = 0. Therefore, for a queueing network with 
positive and negative customers (2.8) cannot have a positive solution {qi}^ as 
is required in Theorem 2.2. 
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• Multiple types of customers: In single changes queueing networks with multiple 
types of customers a transition n —+ n — e,- — ej is not allowed. In batch routing 
queueing networks with multiple types of customers, similar to the arguments 
given above, (2.8) generalized to also include multiple customer types cannot 
posses a positive solution { g f } ^ . 
The main difference between local balance appearing in the literature and local bal-
ance for queueing networks with positive and negative customers is the following. 
Standard local balance states: 
outrate due to the departure of g 
inrate due to the arrival of g. 
In contrast, local balance for queueing networks with positive and negative customers 
states: 
outrate due to the departure of e,- and e,- + ej, j = 1 , . . . , N 
inrate due to the arrival of e,-. 
Comparison of these statements shows that (2.4) and (2.7) cannot be obtained from 
Standard local balance as appearing in the literature unless p~(i,j) = 0 for all i, j . • 
Example 2.8 (Two station queueing network) This example illustrates local 
balance for queueing networks with positive and negative customers as expressed 
by (2.4) and (2.7) for the special case of a two station queueing network. In Figure 2a 
for station 1 (i.e. i = 1), in Figure 2b for i = 2 and in Figure 2c for the outside 
both (2.4) and (2.6) are depicted. Note that in a Standard queueing network local 
balance for the outside is obtained by comparing the outrate of all stations to the 
inrate of all stations, e.g. by summing (2.6) over i = 1,2. This construction is 
used to obtain the case i = 0 for a queueing network with negative and positive 
customers also. This is justified since for p~(l,2) = p~(2,1) = A(l) = A(2) = 0 the 
queueing network with negative customers reduces to a Standard queueing network. 
Global balance at state n for a Standard queueing network is obtained by adding 
local balance for i = 0,1,2 as depicted in Figure 3a. For a queueing network with 
positive and negative customers adding local balance for i = 0,1,2 does not give local 
balance. As is shown in Figure 3b the transitions n +1 \ —• n — ei and n + e-i —» n — ei 
destroy this decomposition of global balance into local balance. ü 
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10 
4 
' : * i : 
t 
4 
surn of local balance at n = global balance at n 
Figure 3a. Standard queueing network 
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Figure 3b. queueing network with positive and negative customers 
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3 State space truncation based on local balance 
In Section 2 an invariant measure for X with transition rates (2.1) is derived. As 
a direct consequence of the unrestricted state space, ZN, chosen in Section 2 this 
invariant measure cannot be normalized. Also, in applications it is more natural to 
constrain the number of customers at the stations, say —oo < Ni < n,- < M,- < oo for 
some Ni, Mi G Z, i = 1 , . . . , N. For example if Ni = 0, i = 1 , . . . , N, the number of 
customers at the stations is allowed to be non-negative only which yields the model 
discussed in [6]. As can be seen from Figure 3b for X to be truncated to a state 
space with lower and upper bounds the transition rates at the boundaries must be 
modified since transitions leaving the state space are not allowed. As is shown in 
Theorem 2.2, m as given in (2.5) satisfies the global balance equations at the interior 
of the state space. For m to satisfy the global balance equations at the boundaries the 
modification of the transition rates at the boundaries must be chosen very carefully. 
As the proof of Theorem 2.2 is based on local balance it is sufficiënt to consider local 
balance when modifying the transition rates. In Section 3.1 we first discuss lower 
bounds as these are easy to deal with in Standard queueing networks and as is shown 
below are relatively easy to deal with in the present setting. In Section 3.2 we discuss 
upper bounds. 
3.1 Lower bounds 
This section considers X truncated to S C ZN, where 
S = {n : - o o < N <rii, i = 1 , . . . , N}. 
The transition rates at the boundary of S are modified such that local balance at 
the boundary is preserved. To this end consider Example 2.8. As can be seen from 
Figures 2a, 2b for ni > Ni, n2 = N2 local balance for i = 2 does not cross this 
boundary. In contrast, for i = 1 the transition n —> n — ex — e2 leaves S. For 
local balance to be preserved this transition must be modified. A straightforward 
modification is to simply replace the transition n —* n — ex — e2 by n —* fi — t\ 
with the same rate. This is depicted in Figure 4. The physical interpretation of this 
modification is that a negative customer leaving station 1 leaves the queueing network 
since it cannot enter station 2 or that a negative customer entering station 2 when 
n2 = N2 is lost. For the general process this modification gives that the transition 
rates Q = (q(n,n'), n,n' € S) are 
N 
q(n,n - e,) = r(i)d{i) + \(i) + £r( i )p-( i , j ) l ( n j = Nj), i = l,...,N, (3.1) 
i=l 
and q(n,n'), n,n' (E S, as given in (2.1) otherwise. 
The following theorem shows that under this modification the traffic equations 
are necessary and sufficiënt for X to have a product form equilibrium distribution 
at S. 
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n n 
Figure 4. Modification at lower bound 
Theorem 3.1 X possesses a unique, positive, product form equilibrium distribution, 
•K, at S = {n : n,- > Ni, i = 1,...,N, JV,- G Z, i = 1, . . . ,N} given by 
JV 1
 - K nk ^)=nSvr1?r, nes, 
k=l % 
(3.2) 
if and only if {qi}iLi is the unique positive solution of (2-4) such that q, < 1, i = 
l , . . . , iV. 
Proof Assume that { f t } ^ is a positive solution of (2.4). For m(n) = üfcLi <?£* w e 
obtain 
J2 {m(n)q(n,n')-m(n')q(n',n)} 
JV ( 
= ^2m(n) lq(n,n + e,) + g ( n , n - e;) 
t"=l 
JV 
+ ]C {<l(n,n ~ ei + ej) + q(n,n -ei- ej)} 
N 
-Yl{ m(n - ei)q(n -e»»n) + m ( n + ei)q{n + eM ") 
«=i 
JV 
+ Yl {m(n ~ e«' + ej)?(n _ e« + ej>n) 
+m(n + e^  + ej)?(n + e,- + ej, n))} 
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N ( 
= m(n) J2 l A(i) + A(»)l(n,- > ty) + r(t)rf(Ol(r»,- > W.) 
N 
+ Hr{i)p-(i,j)l(nj = #,-,«,• > Ni) 
AT AT 
+ EK*>+<*\i)i(n.- > W) + EK«>~(*>i)i("; > ty,».• > N0 
A(i)l(n; > JVj) - ftA(i) - qir(i)d(i) 
ft 
N 
-E^KOp 'C^ i ) 1 ^ = NJ) 
3=1 
N N 
- E fr(j)p+(j,i)i(m > Ni) - Eft?,T(t>~(*,i) 
j=i ft j=i 
(
=> m(ii) E I A(t) -
 qir(i)d{i) - Jz<Kr(i)p-(i,j)l{nj = Nj) 
W
 1 
- E fc?ir(*)P (*,i) - ftA(«) > 
i=i J 
+ m ( n ) E jr(«) + A(i) - -A( i ) - E - K j V U o j 1 ( * > W) 
AT f N 
EmO») s A(0 + E«yr(j)p+0'*») 
AT 
-9.-K0 - E*fc'rO")p"(i>0 - ftA(0 
AT f AT 
+ E m ( " _ e«) {ftr(0 + E mAj)p~üi O + fcMO 
«=i [ i=i 
- E ?iKi)p+ü', O - A(i) 1 i(n,. > JV-) 
= o, 
where (*) is obtained by rearranging terms using (2.2) and (**) by adding and sub-
stracting T,ïj=i9jr(j)p+(j,i) and E ^ = i 9jrÜ)P~U^)Hni > N*)- N o w assume that 
fn{n) = n£=i 9fc* i s a positive invariant measure at 5 . Then, as m(n) > 0 for all 
n E S, for n E S vfe obtain for i = 1 , . . . , iV 
m(n + e,) 
= ft-
(».) 
m (n) 
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Thus, qi > O , i = 1 , . . . , N. Inserting m(n) into the global balance equations gives, 
for n = (Ni,..., NN), the left lower corner of the state space 
N N ( N 
™(")EA(0 = E m ( f i + ^0MOd(O + i>(*>~(*>i)+ *(*)• 
»=i t=i { i= i 
N 
+ £ m(n + e,- + ej)r(i)p-(ij), 
which implies that 
EA(i)+ E <Hr(i)p+(iJ) = E<nMi) + X(i)}+ E *«f(»>"(*.i)- (3-3) 
>'=i t , j = i »=i t j = i 
For n = (TVi,... , NN) + ejt, ifc •= 1 , . . . , iV, we obtain 
f * 
U=i 
= E m ( " + e«) {r(*M0 + Er(*)p"(»»i) + MO 
+m(n - ejfc)A.(A:) + E m(ü + e«' + ej)r(i)P~(hJ) 
N 
+ E r n { n - ek + ej)r(j)p+(j,k), k = l,...,N. 
3=1 
Prom (3.3) and rearranging terms 
A(A) + r(«r) + E?.-K0 
t = i 
AT N ( N 
= E 9ir(*)p+(*»i) + E ?«• {K040 + E r(*')p"(1'»J) 
fj=i «=i [ i#*: 
+1AW + E^K;>+0'^) ) fc = i,...,iv. Qk
 j=i qk 
Using (2.2) this gives that {qi}^ satisfies (2.4). Thus m(n) = Hk=iQkk 1S a positive 
invariant measure if and only if {<?t}ili is a positive solution of (2.4). 
If {<fc}i)Li is the unique positive solution of (2.4) such that <fr < 1, i = 1 , . . . , N, 
then, as is shown above, 7r(n) as given in (3.2) is an invariant measure. As 0 < <fc < 1, 
i = 1 , . . . , N, ir is a positive product form equilibrium distribution. Now assume it 
is another positive product form equilibrium distribution, i.e. for a set of constants 
{£,-}fei % c a n be written x(n) = BYl%=1cfök, n 6 S and there exists an n € S such 
that 7r(n) ^ 7r(n) and f satisfies the global balance equations at S. Then, as f is a 
positive probability distribution, it must be the case that 0 < qi < 1, i = 1 , . . . , N. 
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Furthermore, as is shown above, {qi}^ satisfies (2.4). As 7f(n) ^ 7r(n) for some 
n € S, it must be the case that #,- ^  <?,- for some i which is in contradiction to the 
assumption on the uniqueness of the solution to (2.4). 
To prove the reversed statement, note that as ir given in (3.2) is a probability 
distribution, 0 < <?,- < 1, i = 1 , . . . ,N. As is shown above, {«ft}^ satisfies (2.4). Now 
assume {qi}^ such that 0 < £,• < 1, i = 1 , . . . ,iV, also satisfies (2.4) and # ^ % for 
some i. Then f given by 7r(n) = £?rijfcLi ^"S n 6 5, is an equilibrium distribution. 
As X possesses a unique product form equilibrium distribution, for n € S we obtain 
for i = 1,...,JV 
7r(n + e,) #(0. + e,) 
1i = 7TT = T7TT = ?i-
7r(n) 7r(n) 
Thus {qi}iLi is the unique solution to (2.4) such that 0 < q, < 1, i = 1 , . . . , N. • 
Remark 3.2 (Product form; uniqueness of TT) The statement of Theorem 3.1 is 
that X possesses a unique positive product form equilibrium distribution, TT, as given 
in (3.2). This does not imply that TT is the unique equilibrium distribution. For 7r 
to be the unique equilibrium distribution we have to assume that X is irreducible. 
Sufficiënt conditions for X to be irreducible are, amongst others, that 
1. A(i) > 0, i = 1 , . . . , N, \(i) >0,i = l,...,N, 
2. A(») > 0, i = 1 , . . . , N, r(i)p-(i,j) >0,i,j = l,...,N, 
3. A ( t ) > 0, : 6 I C { 1 , . . . , J V } , r(i)p+(i,j) > 0, i 6 J , j € { 1 , . . . ,N} \ J , 
\({) > 0 , i = 1,...,N, 
4. there exists a unique, positive solution {c,-}^ to 
This condition states that if the network with positive customers only is ir-
reducible, then the network with positive and negative customers is also irre-
ducible. This insight is due to local balance. 
If X is irreducible and a solution {<7t}£Li such that 0 < <?,- < 1, i = 1 , . . . , N, exists to 
the traffic equations then TT as given in (3.2) is the unique equilibrium distribution to 
the process. • 
Remark 3.3 (Interpretation of (2.4)) Under the product form equilibrium dis-
tribution, TT given in (3.2), the traffic equations (2.4) state that the expected probabil-
ity flow out of queue i equals the expected probability flow into queue i, i = 1 , . . . , N. 
This can be seen by computing these expectations. The average output of queue i 
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due to the departure of positive customers from queue i routing to queue j is given 
by 
nes 
= Il E ^tfMOp+(i,j)l(n,- > W 
k=lnk>Nk % 
The average output of queue i due to the arrival of negative customers from queue j 
is given by 
E% = I I E ^~I^<lnkkr(j)p-(j,i)l(nj>Nj,ni>Ni) 
k=l nk>Nk % 
= <liqjr(j)p~{j,i). 
Similarly the other terms can be computed. This gives: 
ftr(t) = average output of queue i due to the departure 
of negative and positive customers 
Z)jLi qiQjr(J)p~(j,i) — average output of queue i due to the arrival 
of negative customer from other queues 
g,A(i) = average output of queue i due to the arrival 
of negative customers from outside the network 
]Cjli <ljr(j)p+(jii) = average arrival rate at queue i due to the arrival 
of positive customers from other queues 
A(i) = average arrival rate at queue i due to the arrival 
of positive customers from outside the network 
The left-hand side of (2.4) represents the average rate of departures of customers from 
queue i and the right-hand side represents the average rate of arrivals at queue i, 
i = 1 , . . . , N. Thus, the traffic equations are natural equations for X at S. Moreover, 
this gives a second motivation for calling (2.4) the traffic equations. • 
In [6] the queueing network with positive and negative customers discussed above is 
introduced for the case Ni = 0, i = l,... ,N. A sufficiënt condition for X to posses a 
product form equilibrium distribution is given only. The following lemma relates the 
sufficiënt condition given in [6], (3.4a)-(3.4c), to the traffic equations. In Remark 3.5 
Gelenbe's result is related to the result of the present paper. 
Lemma 3.4 {qi}iLi is a solution to 
A + « = E7iKi )P + Ü",0 + A(0, i = h...,N, (3.4a) 
i= i 
A-(0 = E 7 ; r O > - ( j \ 0 + A(0, f = l , . . . ,JV, (3.4b) 
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7»= r ^ ! ( w v *' = 1 , - . . , ^ (3.4c) 
r(i) + \-(i) 
if and only if {<7i}£Lx is a solution to 
N N 
7i»,(0+S'yt-7i»,(i)p"(i»*)+7.-A(0 = ]C7i»"(i)p+(iiO+A(0»*= i,...,w.(3.5) 
Proof If {qi}iLi is a positive solution of (3.4a) - (3.4c). Substitution of (3.4c) into 
(3.4a) gives for i = 1 , . . . , N 
7i (r(i) + A-(i)) = ElAJ)P+Ü,i) + A(i). (3.6) 
Substitution of (3.4b) into (3.6) gives { f t } ^ satisfies (3.5). 
Now assume { f t } ^ satisfies (3.5). Define A+(i), A~(z), i = 1 , . . . , N as 
A+(0 = E ^ O V O ' . O + A(i), A-(i) = J2iAJ)p-(J,i) + A(0-
j ' - l i = i 
Substitution of A+(i), A"(i) into (3.5) gives for i = 1 , . . . , JV 
«r(») + ?,-A-(t) = A+(i). 
Thus { ï J i l i satisfies (3.4a)-(3.4c) . U 
Remark 3.5 (Gelenbe's result) In [6] it is proven by substitution into the global 
balance equations, that if {qi}iLi is a positive solution to (3.4a)-(3.4c) then X pos-
sesses a product form equilibrium distribution, TT, given in (3.2). From Lemma 3.4 
and Theorem 3.1 we obtain that we have reproduced this result. The result obtained 
in Theorem 3.1 is more general than Gelenbe's result as Theorem 3.1 gives a neces-
sary and sufficiënt condition for TT to be of product form. Furthermore, the result of 
Theorem 3.1 is obtained by considering local balance. The insight obtained through 
local balance is an essential contribution to the theory on queueing networks with 
positive and negative customers. Local balance allows us to introducé boundaries as 
is shown in the present section, Section 3.2 and Section 5 and incorporates blocking 
phenomena into the theory. 
The coefficients A+(i), \~(i) defined in (3.4a), (3.4b) are related to the aver-
age arrival rate of custome-s at queue i, i = 1 , . . . , N. At first glance one suspects 
A+, A~ to represent the average arrival rate of positive and negative customers re-
spectively [6]. Be aware, however, that A+, A~ are indeed related to these arrival 
rates, but as follows (cf. Remark 3.3): 
A+(i) = average arrival rate of positive customers at queue i; 
qi\~(i) = average arrival rate of negative customers at queue i. 
As the average output rate of customers from queue i is the average output rate due 
to the arrival of negative customers plus the average output rate due to service, i.e. 
qi\~(i) + qir(i), (3.4c) expresses that the average input rate equals the average output 
rate. • 
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Figure 5. Modification at upper bound 
3.2 Upper bounds 
In Section 3.1, based on local balance, the transition rates are modified such that 
X possesses a product form equilibrium distribution at S — {n : n,- > A7,-, i = 
1 , . . . ,N}. This section addresses the complementary problem: upper limit blocking 
at the queues. Based on local balance, the transition rates are modified such that X 
possesses a product form equilibrium distribution at 
S = {n E ZN : n,- < M{ < oo, i = 1 , . . . , N}, 
i.e. the number of customers at queue i is constrained not to exceed M,-. 
For Standard queueing networks it is known that in the case of upper limit block-
ing special blocking protocols, such as the stop protocol, must be applied to preserve a 
product form equilibrium distribution (cf. [3], [8], [11]). For a queueing network with 
positive and negative customers these protocols do not preserve a product form equi-
librium distribution. To show this reconsider Example 2.8. For a Standard queueing 
network the stop protocol stops all transitions in which a customer leaves station 2 
if station 1 is saturated, i.e. if n1 = Mj.. In Figure 3a this comes down to blocking 
the transitions n *-* n ± e2. As can immediately be seen from Figure 3a, at this 
boundary global balance reduces to local balance for i = 1. For a queueing network 
with positive and negative customers the stop protocol does not preserve product 
form. This can be seen from Figure 2b. Blocking of transitions in which a customer 
leaves station 2 if nx = Afx also stops the transition n —> n — ej — e2. As a conse-
quence local balance for i = 1 at n — e2 is destroyed. Thus the stop protocol does not 
preserve product form. A similar argument can be used for other blocking protocols 
for Standard queueing networks. 
From local balance we obtain that the following modification of the transition 
rates Q = (q(n,n'), n,n' € S) preserves product form: 
N 
q(n,n + ei) = A.(») + ]T qkr(k)p+(k,i)l(nk = Mk), i = 1,...,W, 
fc=i 
q(n,n — e,) = r(i)d(i) + X(i) (3.7) 
N N 
+ E qkr(k)p-{k,i)l(nk = Mk) + 5>(0p + ( t , k)l(nk = Mk), i = 1, . . . , N, 
J t = l k=l 
I) 
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where {g,-}£Li are arbitrary numbers such that g,- > 1, i = 1 , . . . , JV and and q(n,fl') 
as given in (2.1) otherwise. For the two station queueing network described in Exam-
ple 2.8 this modification is illustrated in Figure 5. The additional terms have the fol-
lowing interpretation. If nk — Mk, then customers leaving queue i to route to queue k 
are lost, which explains Y^,h=i r(^)P+(^ &)l(nJfc = Mk). Furthermore, if nk = Mk at 
queue i additional arrivals from the outside are generated at rate qkr(k)p+(k, i) for 
positive customers and qkf(k)p~(k, i) for negative customers. 
The following theorem shows that X thus modified possesses a product form 
equilibrium distribution at S. At first glance, both Theorem 3.6 and its proof are 
very similar to Theorem 3.1 and its proof. However, proving global balance in the 
proof of these theorems differs substantially. (For example see equation (**) below.) 
Theorem 3.6 X possesses a unique, positive, product form equilibrium distribution, 
TT, at S = {n : rii < M,-, i = 1 , . . . , JV, M,- € Z, i = 1 , . . . , N} given by 
<*)=![%&*&, «€S, (3.8) 
*=i % 
if and only if {qi}iLi is the unique positive solution of (2-4) such that q, > 1, i = 
l , . . . , iV . 
Remark 3.7 (Coefficients {qi}ïLi) Note that the coefficients {<?t'}£Li appearing in 
the modification (3.7) are appearing in the traffic equations too. Thus, in the theorem 
above, it is implicitly assumed that the coefficients used in the modifications also 
satisfy the traffic equations. This problem will be considered in Section 4.5. • 
Proof Assume that {<?t}£Li is a positive solution to the traffic equations (2.4). Inser-
tion of m(n) •— njfcLi <?£* m t o the global balance equations at S gives 
y^ {m(n)q(n,n') — m(n')q(n',n)} 
N ( N 
m{n) E { A(ï')l(n,- < Af;) + E qkr(k)p+(k, i)l(nk = Mk,n{ < Af,) 
«=i { fc=i 
+r(i)d(i) + A(i) 
N N 
+ E qkr(k)p-(k, i)l(nk = Af*) + E r(i)p+(i, k)l(nk = Mk) 
k=i fc=i 
N N 
+ E r (*> + (»> i ) l (» ; < Mi) + Er(i)p~(i , j) 
~A(i) - E ^r(k)p+(k,ï)l(nk = Mk) 
-qir(i)d(i)l(rii < Af,) - g,A(i)l(n,- < Af,) 
- E mkr(k)p-(k,i)l(nk = Affc,n,- < Mi) 
fc=i 
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N 
-^2qir(i)p+(i,k)l(nk = Mk,n{ < Mi) 
tei 
-Y;^-r(i)p+(i,j)l(ni<Mi) 
N 
-£9tfjK*)P"(*>j)l(n.- < M»ni < Mi) 
W m(n)J2 \ (A(0 ~«r(0<*(0 -**(*') - Ëmkr(k)p (k,i)\ i{m < Mi) 
(••) 
+r(i) + A(i) - -A(0 - f ) ^r(k)p+(k, i) 
« tel » 
AT 
+ E <H<r(k)p-{k, i)l(nk = Mk) 
tel 
JV 
+ E ?*r{fc')P+(*!»01(n* = M*n«- < Mi) 
tel 
* ] 
- E flr(*)P+(*\ *)l(«fc = Mfc,".' < Afc)} 
tei J 
= m ( n ) ë ( A ( i ) + i;ftr(fc)p+(*,t) 
i=i l fc=i 
N
 _ 1 
-9fr(t) - E 9iQkr(k)p (k,i) - q{\(i) > l(n< < M.) 
tei ) 
N f N 
+ Yl m(ü - e«') \ « r(0 + E QiQkr(k)p~(k, i) + $A(i) 
t=i l tei 
-A(0-ëftr(*)p+(M)} 
tei J 
= o, 
where (*) is obtained by rearranging terms, and (**) is obtained from (2.2) and the 
following identity 
N N 
E qir(i)p+(ij)l{ni < M{) + £ ?,r(i)p+(i , j)l(n i < M,-,n,- = M{) 
N N 
= E «r(*)p+(*.i)i(»i < Mi) + X) ?.-K0p+(»'.i)1(n»- < M«'ni = Mi)-
«,j=i «,i=i 
Now assume that m(n) = Htei 9fc* ^s a positive invariant measure at S. Then, as 
m(n) > 0 for all n € 5 we obtain that <?,- > 0, ï = 1 , . . . , JV. Insertion of m(n) into 
the global balance equations gives for n = (Mi , . . . ,M^) the right upper corner of 
the state space 
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E IK») + E »r(*)p-(fc, •) + A(0J = E - {A(0 + E qkr(k)p+(k,i)\ . (3.9) 
i=i l tel J i=i ft l fe=i J 
For n = ( M l 5 . . . , Af^ r) — es we obtain 
E \r(i)d(i) + A(i) + E^(%"(^0 + X>(«>+(«'.*) 
«=1 [ fc^S fc^S 
+ E r(»>~(*»i) + A ( s ) + E 9fcr(fc)P+(fc>s) + Kt> + ( t ,*) 
= E i 7 A ( 0 + E f r(fc)p+(fc,i) + qsr(s)d(s) + qaX(s) 
i= l [ & fc^s,,' 9» 
+ft* E 1kr{k)p-(k, s) + qs^2 r(s)p+(s, k) + —r(s)p+(s,i) l . 
ifc#« fc^s ft J 
Rearranging terms and insertion of (3.9) gives that {<7.}£Li satisfies the traffic equa-
tions. The remainder of the proof is similar to the proof of Theorem 3.1. O 
4 Characteristic equations 
In the previous sections it is assumed that a unique positive solution exists to the 
traffic equations (2.4) such that either <?,- < 1, i = 1 , . . . , N, (Section 3.1) or §,- > 1, 
i — 1,...,N, (Section 3.2). This section addresses the problem of existence and 
uniqueness of a positive solution to the traffic equations. As is shown below in 
Section 4.1 for the queueing network introduced in Example 2.8, this problem is not 
easy to solve. For the general queueing network consisting of more than two stations, 
for some very special cases existence and uniqueness of a positive solution to the 
traffic equations can be proven. In these cases, discussed in Sections 4.2 and 4.3, it 
can easily be shown that it may be the case that <?,• < 1, qj > 1, and qk = 1 for 
i ^ j 7^  k. In Section 4.5 the traffic equations are discussed. It is argued that the 
traffic equations are characteristic equations for the process. 
4.1 Uniqueness of solution 
This section reconsiders the two station queueing network discussed in Examples 1.1 
and 2.8. For this queueing network Theorem 4.1 shows the traffic equations possess 
a unique positive solution. The first condition, irreducibility, is sufficiënt for the ex-
istence of a positive solution of the traffic equations in a Standard queueing network. 
The second condition stating that the queueing network is not pathological is dis-
cussed in more detail in Section 4.4 and states that positive customers can enter each 
queue. 
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Theorem 4.1 (Uniqueness of solution) If the Markov process, X, describing a 
two station queueing network is irreducible and not pathological, which means that 
A(1)>0 or r (2 )p + (2 , l )>0 , (4.1a) 
and 
A(2)>0 or r ( l ) p + ( l , 2 ) > 0 , (4.1b) 
and 
A(l) > 0 or A(2) > 0, (4.1c) 
then the traffic equations possess a unique positive solution qi, q-i. 
Proof The traffic equations (2.4) for this special case read: 
7ir(l) + 7i72K2)p-(2,1) +
 7 i A(l) = 72r(2)p+(2,1) + A(l), (4.2a) 
72r(2) + 7 2 7 l r ( l )p-( l ,2) + 72A(2) = 71r(l)p+(l ,2) + A(2). (4.2b) 
First, consider the case where all parameters r ( l ) , r(2), etc. are positive. Then (4.2a) 
can be written 
7 2r(2)P+(2,l) + A(l) 
7 1
 r ( l ) +
 7 2r(2)p-(2,l) + A(l)- { ' } 
Substitution of (4.2c) into (4.2b) and rearranging terms gives that qi must satisfy 
72
2
 (r(2) V ( 2 , 1 ) + r(l)r(2)p+(2, 1 ) J T ( 1 , 2 ) + A(2)r(2)p"(2,1)} 
+72 {r(l)r(2) + A(1)A(2) + A<l)r(l)p-(1,2) + r(l)A(2) + A(l)r(2) 
- r ( l ) r (2)p + ( l ,2 )p + (2 , l ) -A(2)r (2)p- (2 , l )} 
+ {-A(l)r(l)p+(1,2) - r(l)A(2) - A(1)A(2)} = 0 (4.3) 
As all parameters are positive the coëfficiënt of 7! is positive and the coëfficiënt of 
7° is negative. This implies that (4.3) possesses two distinct solutions, one positive 
and one negative solution. Thus (4.2a), (4.2b) possess a unique positive solution q%. 
By symmetry, (4.2a), (4.2b) posses a unique positive solution q^ also. Insertion of 
§2 into (4.2c) gives that ql corresponds to q% which implies that the traffic equations 
possess a unique positive solution q\ = q^, q<i — q%. 
Second, consider the case r(2) = 0, i.e. no service at queue 2. From the irreducibil-
ity assumption we obtain A(2) > 0 or r(l)p~(l,2) > 0 and r( l ) > 0 or A(l) > 0 as 
both at queue 1 and queue 2 in some state n the number of customers must be able 
to decrease. Then, from (4.2a) and (4.1a) we obtain (?i = r / ^ l 1 ^ > 0. Insertion of 
qi into (4.2b) gives that q2 > 0 since 91r(l)p~(l,2) + A(2) > 0 by irreducibility and 
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<7ir(l)p+(l,2) + A(2) > O from (4.1b). Thus the traffic equations posses a unique 
positive solution <?i, q2. Similarly, if r ( l ) = 0 the traffic equations possess a unique 
positive solution q\, q2 also. 
Now assume that r( l) > 0 and r(2) > 0. Then (4.2c) is well-defined and q2 must 
satisfy (4.3). If the coefficients of 7^, 7] and 7° are non-zero then (4.3) possesses a 
unique positive solution q2. Insertion of 72 > 0 into (4.2c) gives that 71 > 0 since the 
network is assumed to be non-pathological. Insertion of 72 < 0 into 
7 l r ( l )p+(l ,2) + A(2) 
7 2
 r(2) +
 7 i r ( l )p - ( l ,2 ) + A(2)' 
which is obtained from (4.2b) and is well-defined since r(2) > 0, shows that 71 < 0. 
As the traffic equations possess at most two distinct solutions q\ we obtain that the 
traffic equations possess a unique positive solution q\, q2 if the coefficients in (4.3) 
are non-zero. If the coefficients of 7^ or 7° vanish, however, this must be shown 
separately. 
The coëfficiënt of 7^ vanishes if both p~(2,l) = 0 and p + (2 , l )p _ ( l ,2) = 0. If 
p~(2,1) = 0 and p~(l, 2) = 0 then the coëfficiënt of 7] is non-negative. As the coëffi-
ciënt of 7° is non-positive, we obtain that q2 > 0 and from (4.2c) that q\ > 0. Insertion 
of 91 = 0 into (4.2a) implies that q2r(2)p+(2,1)+A(1) = 0. As q2 > 0 this implies that 
A(l) = 0. Then, since the network is assumed to be non-pathological, r(2)p+(2,1) > 0 
and thus q2 = 0 which implies that A(2) = 0 which contradicts (4.1c). Similarly, if 
p~~(2,l) = 0 and p+(2,1) = 0 the coëfficiënt of 72 is non-negative and (4.2a), (4.2b) 
possess a unique positive solution qi, q2. From (4.1c) we obtain that the coëfficiënt 
of 7° vanishes only i f r ( l ) = A(l) = 0. O 
Note that all combinations (q1 > 1, q2 > 1), (^ > 1, q2 < 1), etc. are possible. 
This can be seen in the following example. Assume that A(l) = A(2) = p+( l ,2) = 
p+(2,1) = d(l) = d(2) = 0 and r( l ) = r(2) = 1, then (4.3) reads 
? 1( l + ft) = A(l), q2(l + qi) = A(2). 
The following table gives some possible combinations. 
A(l) A(2) 9i 92 
3 3 1 1 
4 4 2 2 
3 
2 1 1 
1 
2 
3 3 2 2 
1 
2 
As is shown in the simple case of a two station queueing network it is very difficult to 
prove that a unique positive solution to the traffic equations exists. Moreover, in this 
special case we have to assume that the queueing network is non-pathological. Thus, 
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in general, it does not seem to be possible to prove the existence and uniqueness of a 
positive solution to the traffic equations without further assumptions. In some special 
cases this problem is solved (cf. [6]). These cases are reviewed below in Section 4.2, 
where feedforward networks are discussed and Section 4.3, which considers balanced 
networks. As is shown in Section 4.4, it is necessary for the existence of a positive 
solution to the traffic equations that the queueing network is not pathological. 
4.2 Feedforward networks 
As is argued above, general conditions for the existence and uniqueness of a posi-
tive solution {<J',-}£L1 are hard to give. For an important class of networks, so-called 
feedforward networks, such a solution exists (cf. [6]). 
A network is said to be feedforward if the queues can be numbered such that 
P+(hJ) = 0 ii j < i and p~(i,j) = 0 if j < i, i.e. if customers can go from queue i 
to queues with a larger number only. For such a network {«fr}^ can be calculated 
recursively (cf. [6]). From the traffic equations we first obtain 
n - A ( l ) 
?1 = r( l ) + A(l)' 
If qi, i = 1 , . . . , s — 1, are known then qa can be calculated as follows 
<ls = r(s) + Y, IAJ)P~U, s) + \(s) 
As all terms r( l ) , r(2), etc. are non-negative, and the calculating procedure is unique, 
this gives a unique positive solution to the traffic equations. 
4.3 Balanced networks 
A very special class of networks considered in [6] is the class of balanced networks. 
A network with negative and positive customers is balanced if a constant solution 
qi = q, i — 1 , . . . , N, exists to the traffic equations. If such a solution exists, then 
a positive constant solution exists and this positive constant solution is the unique 
positive constant solution to the traffic equations (cf. [6]). Be aware, however, that 
this does not imply that it is the unique positive solution to the traffic equations. 
Assume that the network is balanced. Insertion of qi = q, i = 1,..., N, into the 
traffic equations gives (cf. [6]) 
N 
Y rU)p+üi 0 - MO - r(0 + 
N Y N 
X>0>+0\0 - MO - KO + 42ZKi)p~0\0A(0 
N 
2Hr0>"t?\0 
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Note that the right-hand side is independent of i as q is independent of i. Further note 
that q can take arbitrary positive values as can be seen by considering the right-hand 
side. If 
N N 
2 E r0>"0\ 0 < Er0>+0\»') ~ A(0 - r(t), 
then q > 1, otherwise if 
AT AT 
r(») + E Ki)P~0\ 0 + A(») > A(i) + E r(i)P+Ü» 0 (4-4) 
then q < 1, if (4.4) holds with equality then <jr = 1 and if > is replaced by < then 
q > 1. Note that (4.4) expresses that the departure rate at queue i is larger than the 
arrival rate at queue i. In all cases, X possesses an invariant measure m given by 
m 
E N 
v v 1 i=ini-
4.4 Pathological network 
The assumption that the queueing network is not pathological made in Section 4.1 
is a very natural assumption. For, assume that the network is pathological, then 
positive customers cannot enter the queues, i.e. 
A(i) = 0, for all i, and r(j)p+(j, i) = 0, for all i, j . 
If this is the case then the number of customers at the queues cannot increase, thus 
in case of a lower bound we have ^((./Vi,..., iVjv)) = 1 a n d in case of no lower bounds 
the process is transient, i.e. X does not possess an equilibrium distribution. 
Further note that the assumption that the network is non-pathological is necessary 
for the existence of a positive solution. To this end, assume that the network is 
pathological. Then the traffic equations read 
ftlK0 + E«»rO>"(i,0 + M0] =o> * = I,...,JV, 
with solution 
N 
ft=0 or r(z) + E # r O > ~ ( i » « ) + A(0 = 0> i = l,...,N. 
i=x 
Note that r(i) = X(i) = 0 for all i implies that there are no customers routing in thé 
network, therefore it must be the case that r(i) + X(i) > 0 for some i, say i0. Then 
for io we obtain 
N 
E%rO')P"Ü'»*o) = -r(x'o) - A(t0) < 0. 
If there exists a non-zero solution, it must be the case that q^ < 0 for some k. 
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4.5 Characteristic result 
As is iliustrated above, for the Markov process to possess a product form equilib-
rium distribution, the traffic equations completely characterize the process. In Sec-
tions 4.1-4.4 some insight is given in the behaviour of the traffic equations and more 
specifically in the existence of a unique positive solution to the traffic equations. As 
is observed in these sections, some special conditions, additional to the conditions 
imposed in a Standard queueing network are necessary for the existence of a unique 
positive solution to the traffic equations. In this section we argue that the traffic 
equations are characteristic equations for the Markov process describing the queue-
ing network in the sense that they determine not only the equilibrium distribution 
but also determine the shape of the state space and the blocking conditions at the 
boundaries of the state space. To this end first note that the Markov process possesses 
a product form invariant measure only if the traffic equations possess a non-negative 
solution, {qi}iL\, as the invariant measure must satisfy the global balance equations 
at the interior of the state space. Second, the value of qi, i = 1 , . . . , N, characterizes 
the state space at which the invariant measure can be normalized. To this end, note 
that for m(n) = Ylk=i %k ^° be normalizible, if qi < 1 the state space must be such 
that — oo < Ni < n,-, if qi > 1 the state space must be such that n,- < 'M; < oo and 
if qi = 1 it must be the case that — oo < N{ < n,- < M; < oo. Third, at the bound-
aries, for the Markov process to possess a product form equilibrium distribution, the 
transition rates must be modified as given in (3.1) and (3.7). These modifieations 
involve {<?i}£Li, the solution to the traffic equations. Therefore, the traffic equations 
are characteristic equations for the Markov process as they determine the state space 
and the equilibrium distribution. This is formalized in Theorem 4.2 below. The proof 
is omitted since it is a combination of the proofs of Theorems 3.1, and 3.6. Note that 
the corner points n = (rii,..., n^) such that n,- = A7,- for some i and rij = Mj for some 
j ^ i must be checked explicitly since these points are not considered in Theorems 3.1 
and 3.6. 
Theorem 4.2 (Characteristic result) Assume a non-negative solution {^j}^ ex-
ists to 
N N 
7iK0 + H7.-7jKi)P~C?\0 + 7iAW = E7jKi)P+0'>0 + A(0> * = !>•••>#> (4.5) 
j=l i= l 
such that with /<, ƒ=, i> a partition of { 1 , . . . , N} 
qi < 1 if i E /<, 
qi = 1 if i G i=, 
qi > 1 if i e />. 
For Ni, Mi € Z, i = 1 , . . . , N, such that 
Ni > - oo for i e I< U /=, 
Mi < co for ie i> U I=, 
the Markov process, X, with transition rates Q = (<?(n, n'), n,n ' € ZN) defined as 
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q{n,n') = < 
' A(f) + E L i 1kr{k)p+(k, i)l(nk = Mk,), n' = n + e,-, n,- < Mt-, 
r{i)d(i) + A(«) 
+ E g s l r ( i > - < i , i ) l ( n i = JVi) 
+ ELi?*»"(fc)p-(A:,t)l(i»ifc = Mk) 
+ E L i r(i)p+(i, k)l(nk = Mk), n' = n- e,-, n< > JV,-, 
r( i)p+(i , j) , n' = n — e,- + e,, ra,- > iV,-, rij < Mj 
r(ï)p~(i,j) + r(j)p~(j, i), n' = n - e* - e,-, nt- > Ni, rij > Nj 
O, otherwise, 
possesses an equilibrium distribution, TC, at state space 
S={n£ZN : Ni < m < Mi, i = 1 , . . . ,N} 
given by 
l-qi 1-9,- l-qi N 
iel< 9«' «6/= ?«' ~ 9«' t6/> ~Hi fe=l 
5 Two station queueing network 
Reconsider the two station queueing network discussed in Example 1.1 and depicted 
in Figure 1. At both stations external arrivals of positive customers at rate A,- at 
station i, i = 1,2, occur only. At the stations service is provided in FCFS order 
by a single server at exponential rate rt- at station i, i = 1,2. Customers completing 
service at station 1 route to station 2 as negative customers and customers completing 
service at station 2 route to station 1 as negative customers. The parameters for this 
queueing network are 
A(l) = Ax > 0, A(2) = A2 > 0, A(l) = 0, A(2) = 0, 
r ( l ) = n > 0, r(2) = r2 > 0, 
p-( l ,2) = l, p-(2 , l ) = l, p+(l,2) = 0, p+(2,l) = 0, <*(!) = 0, d(2) = 0, 
and the traffic equations read 
7iKl) + 7i72r(2) = A(l), 
7aK2) + 7i72r(l) = A(2). 
(5.1a) 
(5.1b) 
The traffic equations represent generalized station balance for stations 1 and 2. To 
this end note that (5.1a) states that the rate into station 1 due to external arrivals, 
A(l), equals the rate out of station 1 due to service completion at station 1, 71?*(1), 
and due to arrivals from station 2, 7i72r(2). In Figure 6 the traffic equations are 
expressed graphically. For i = 1 and i = 2 local balance at state n and local balance 
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"1 A(l) = , 1 r ( l ) + , i e r ( l M 2 ) 
9 l92 r ( ! ) 
r(2) 
^ A ( 2 ) 
« • K i ) 
A(2)=
 Ï 2 K 2 ) + « 1 Ï 2 K 1 ) K 1 ) 
t =: 2, st&te ft — ^2 
MMK 1 ) 
right-hand «ide 
Figure 6. Local balance for queueing network of Figure 1 
at state n — e,- is depicted. From Remark 2.6 we obtain that global balance at state n 
is obtained by adding these 4 partial balance relations. Combining local balance at 
state n for i = 1 and local balance at state n — e2 for i = 2 gives "half of" global 
balance. This is depicted in the bottom Une of Figure 5. Thus we have obtained an 
additional type of local balance for this specific model. This type of local balance is 
used below to further reduce the state space, i,e, to introducé additional boundaries. 
Since all parameters Ai, A2, r\, r<i are positive the process is irreducible and 
from Theorem 3.6 we obtain that the traffic equations posses a unique positive so-
lution «ft, ^2- As a consequence the queueing network possesses a unique invariant 
measure m at state space S = ZN given by 
m(n) = q?q?. 
From (4.3) we obtain that q2 < 1 iff 
(5.2) 
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Figure 7. State space 
r(2)2 + r(l)r(2) + A(l)r(l) - A(2)r(2) - A(2)r(l) > O, 
and by symmetry that qx < 1 iff 
r ( l ) 2 + r(l)r(2) + A ( 2 ) r ( 2 ) - A ( l ) r ( l ) - A ( l ) r ( 2 ) > 0 , (5.3b) 
If the coefficients A(l), A(2), r ( l ) , r(2) satisfy (5.3a), (5.3b) then from Theorem 3.1 
we obtain that for Ni, N2 € Z the process possesses a unique equilibrium distribution 
at S = {n : nj > Nlt n2< N2}. For Nj_ = N2 = 0 
*{n) = (1 -
 qi)q?(l - q2)q?, m,n2 > 0. 
If (5.3a), (5.3b) are satisfied with > replaced by < then qx > 1 and q2 > l and 
Theorem 4.1 can be applied to produce a unique equilibrium distribution at a state 
space that is bounded from above. 
In addition to these types of blocking, observation of local balance depicted in 
Figure 6 shows that, without additional stringent assumptions on the transition rates, 
the state space can be reduced to a band as depicted in Figure 7. To this end note 
that combination of local balance for i = 1 with reference state n and i — 2 with 
reference state n — e2 shows that for transitions on the right-hand side of the diagonal 
the rate into n balances with the rate out of n. Similarly for the left-hand side of the 
d;agonal. At boundary a service at station 2 is stopped and at boundary b service at 
station 1 is stopped to preserve a product form equilibrium distribution. 
6 Conclusion 
In this paper we have shown that a recently developed product form result for queue-
ing networks with positive and negative customers is not a consequence of standard 
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(5.3a) 
local balance equating in each state the "rate in" and the "rate out" at each station 
separately. To this end we have derived the traffic equations for queueing networks 
with positive and negative customers. Based on these traffic equations we have de-
rived a a new and non-standard type of local balance. In contrast to Standard local 
balance appearing in the literature, local balance for queueing networks with pos-
itive and negative customers equates the "rate in" and the "rate out" at different 
states. For q(n, n — e,- + e )^ the transition rate due to a positive customer routing 
from station i to station j , i,j = 0,..., N, and q*(n,n — e,- — e,) the transition rate 
for a negative customer leaving station i to route to station j , i, j = 1,...,JV, the 
equilibrium distribution TT satisfies local balance for queueing networks with positive 
and negative customers if 
N 
5Z *"(")?(«, n - e,- + ej) 
j=o 
N 
-f ]T {^(n)q*(n, n-e{- ej) + ir(n + ej)q*(n + ej, n - e,)} 
i=i 
N 
= Yl r(ü ~~ e' + e i M " _ e«' + ej,n). (6.1) 
i=o 
The third term in, the left-hand side is neither related to the rate into n nor to the rate 
out of n thus "destroying" Standard local balance. The behaviour of the queueing 
network with negative and positive customers under local balance (6.1) is similar 
to the behaviour of Standard queueing networks under standard local balance. For 
example, blocking phenomena can be obtained from (6.1). 
Local balance for queueing networks with positive and negative customers relates 
the probability flow out of a state to the probability flow into that state and its 
neighbours. Furthermore, the service rates and routing probabilities are intertwined 
in the traffic equations. Therefore, in contrast with standard queueing networks 
(Jackson networks), the result does not seem to give much room for generalizations, 
such as to include state-dependent service rates. Only for single-server stations in 
isolation (not part of a queueing network) generalizations are possible [5]. 
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